Recent N f = 2 + 1 lattice data for meson-meson scattering in p-wave and isospin I = 1 are analyzed using a unitarized model inspired by Chiral Perturbation Theory in the inverse-amplitude formulation for two and three flavors. Chiral extrapolations are performed that postdict phase shifts extracted from experiment quite well. In addition, the low-energy constants are compared to the ones from a recent analysis of N f = 2 lattice QCD simulations to check for the consistency of the hadronic model used here. Some inconsistencies are detected in the fits to N f = 2 + 1 data, in contrast to the previous analysis of N f = 2 data.
I. INTRODUCTION
Lattice QCD simulations allow for the determination of scattering phase shifts from Quantum Chromodynamics (QCD). The Lüscher approach [1] [2] [3] [4] relates the discrete energy spectrum obtained from the QCD Hamiltonian in a cube to the elastic scattering amplitude. It was initially derived for two particles with zero total momentum and later extended to non-zero momentum states [5] , asymmetric boxes [6, 7] , and coupled channels [8] [9] [10] [11] [12] . Recently, progress for its generalization to three-particle states has been made [13] [14] [15] [16] . An alternative method for extraction of infinite volume quantities from finite volume results was proposed in Ref. [15] .
The lightest vector-meson resonance, the ρ(770), has been studied in several two-flavor (N f = 2) lattice-QCD simulations. For example, Lang et al. performed a simulation with a pion mass of M π ≈ 266 MeV [17] . A simulation close to the physical point was carried out by the RQCD Collaboration [18] . The GWU group extracted very precise phase shifts for two different pion masses (M π ≈ 226 MeV and ≈ 315 MeV) [19, 20] . See also Refs. [21] [22] [23] for other N f = 2 simulations. In Refs. [20, 24] , the available N f = 2 lattice data were extrapolated to the physical point using unitarized Chiral Perturbation Theory based on the formulation of Ref. [25] with some modifications. The model describes the energy levels; however, the chiral extrapolation of the various N f = 2 simulations led to consistently light ρ masses about 60 MeV below the physical value. The N f = 2 simulation from the RQCD group [18] , at a pion mass only 10 MeV higher than the physical one, produces a ρ meson in the same region suggesting that the chiral extrapolation itself is not the main reason for this discrepancy. * binhu@gwmail.gwu.edu † ramope71@email.gwu.edu ‡ doring@gwu.edu § maximmai@email.gwu.edu ¶ aalexan@email.gwu.edu
The origin of the discrepancy could lie in the scale setting or other effects within the lattice QCD simulations themselves. Alternatively, in Refs. [20, 24] the absence of the strange quark in the simulations was proposed as a possible reason; indeed, within the UChPT model, the addition of the KK channel can quantitatively compensate the mass gap. This is consistently the case among the N f = 2 simulations, and the explanation is not in contradiction to the tiny KK inelasticities in the ρ channel determined from experiment and the small KK phase shift determined in Ref. [26] from the lattice. It is then natural to test the UChPT model also for the existing N f = 2 + 1 simulations which is the aim of this study.
Several simulations of the ρ meson phase shifts in N f = 2 + 1 flavors have been carried out in recent years [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . In this study we use the model of Ref. [20, 24] to analyze the results of most of these simulations with the goals: 1) to provide chiral extrapolations, 2) to check consistency of the method that was previously used for N f = 2 simulations only, and 3) to further investigate the role of the strange quark in the lattice simulations. In particular, we compare the values of low-energy constants (LECs) extracted from the N f = 2 + 1 simulations to the ones from N f = 2 simulations in Ref. [24] for consistency. Furthermore, these values are compared to the ones from fits to experimental phase shifts.
While in Refs. [20, 24] including the KK channel a posteriori in the analysis of N f = 2 data led to a sizeable shift of the ρ mass (yet, producing only small inelasticities), the one-channel (ππ) description of the ρ was found sufficient in the chiral extrapolation [36] of the N f = 2 + 1 lattice data [26, 27] of the Hadron Spectrum Collaboration. This is not in contradiction, and, in fact, even expected as long as the explicit KK dynamics can be effectively absorbed in the SU (2) LECs. The present framework will be checked in this respect.
In the present formulation of the SU(3) model we can only check for the internal consistency of LECs from fits to experiment with N f = 2 and with N f = 2 + 1 simulations but not compare them to the standard values from Chiral Perturbation theory (ChPT). This is because the model incorporates the next-to-leading order (NLO) contact terms but not the u-and t-channel loops or tadpoles so that it cannot be fully matched to one-loop ChPT. Regarding the size of LECs, in Ref. [37] we simultaneously analyzed the data of the recent N f = 2 + 1 simulations in the isoscalar and isovector channel by the Hadron Spectrum Collaboration [26, 27, 38] . See also results from the ETMC Collaboration [39] . We used the full one-loop inverse amplitude method. Yet, the extracted SU(2) LECs were considerably different from the standard ChPT values and, in fact, of similar size as in the previous analysis of the ρ channel in Ref. [36] . A clarification of this issue is left for future studies. The relevant LECs for the pion form factor were extracted from one-and-two loop ChPT in comparison with lattice data in the analysis of Ref. [40] .
In the following section, the UChPT formalism is discussed. In Sec. III, different fit strategies are tested to carry out chiral extrapolations, LECs are compared for consistency, and SU(2) vs. SU(3) extrapolations are discussed. In Secs. III and IV the main findings are interpreted and summarized.
II. FORMALISM
Unitarized Chiral Perturbation Theory (UChPT) is a nonperturbative method which combines the constraints from coupled-channel unitarity and chiral symmetry, and describes rather successfully the pseudoscalarpseudoscalar meson scattering data up to 1200 MeV. In this approach, several resonances such as the ρ and σ mesons are identified with poles of the scattering amplitude in the complex-energy plane. The UChPT approach relies upon an expansion of the inverse of the scattering amplitude for a better convergence of the expansion in the momentum in the vicinity of resonance poles. This so-called inverse amplitude method was introduced in Ref. [41] and extended in Refs. [42] [43] [44] [45] [46] [47] [48] . The O(p 2 ) chiral Lagrangian [49, 50] qualitatively leads to the generation of the scalar resonances, while, as shown in Ref. [25] , to generate the vector-meson resonances one needs the O(p 4 ) Lagrangian, which depends on the low-energy constants. The latter can be understood in terms of the resonance saturation hypothesis, in other words, assuming that the parameters of the O(p 4 ) chiral Lagrangian are saturated by resonance exchange between the two pseudoscalar mesons. Altogether, the UChPT model with O(p 2 ) and O(p 4 ) chiral Lagrangians dynamically generates the scalar-and vector-meson resonances and describes scattering data up to 1.2 GeV [25] . Note that the generation of the ρ explicitly requires the presence of the O(p 4 ) term, which contains a seed of the vector mesons, fully recovered in the unitarity scheme [25, 51] . For chiral extrapolations including the ρ meson as antisymmetric tensor field in ChPT see the fundamental work of Ref. [52] .
The partial wave decomposition of the scattering amplitude of two spinless mesons with definite isospin I can be written as
where
In the UChPT model, the two-channel scattering equation reads as follows [25] ,
where V 2 and V 4 are 2 × 2 matrices which contain the transition potentials derived from the O(p 2 ) and O(p 4 ) Lagrangians of the ChPT expansion, respectively [49, 50] . With the channel ordering (ππ, KK) these potentials, projected on I = 1 and L = 1, are [20] 
and
for the channel i, W is the center-of-mass energy, and m 1,2 refers to the masses of the mesons 1, 2 in the i channel. In the transition potential of Eq. (5), four distinct combinations of LECs are involved,l 1 ,l 2 , L 3 and L 5 , wherel 1 = 2L 4 +L 5 , andl 2 = 2L 1 −L 2 +L 3 . The LECsl 1 andl 2 appear in the diagonal transitions, ππ → ππ and KK → KK, while the other two LECs, L 3 and L 5 , are present in the offdiagonal elements ππ → KK. Note that in the present notation thel i are not the canonical SU(2) LECs but combinations of SU(3) LECs. In Eq. (3), G is a diagonal matrix whose elements are the two-meson loop functions, which are evaluated using dimensional regularization,
with P = ( √ s, 0, 0, 0). Throughout this study we use µ = 1 GeV and a(µ) = −1.28 as obtained in a fit to phase shifts from experiment [24] . The dependence on the subtraction constant in the case of the ρ meson can well be absorbed in the values of the LECs [24] . More evolved UChPT models include one-loop contributions to guarantee a scale invariant amplitude at O(p 4 ) [45, 46] . Here, one-loop contributions are not taken into account in the potential, but the meson decay constant dependence on the pion mass is taken from Ref. [46] , where f π , f K are fitted in an analysis of combined lattice and experimental data. This framework is the same as in Refs. [20, 24] used for N f = 2 simulations, to be able to check its consistency with N f = 2 + 1 simulations in the following sections.
The elements T ij of the scattering amplitude are related to S-matrix elements as follows,
and the S-matrix is parametrized as
For one-channel ππ scattering, the (I = 1, 
Therefore, the phase shift is related to the scattering amplitude,
When the UChPT model is fitted to the experimental data for ππ and πK phase shifts, similarly as in Ref. [53] , we obtain the values for the LECs in Eq. (5) given in the last row of Table I . In what follows, we will refer to this fit as "Experimental".
The UChPT model can be implemented in the finite volume by imposing that the scattering states can only have discrete momenta. This formalism, developed in Refs. [10, 11, 54, 55] is equivalent to the Lüscher approach up to contributions kept in Ref. [11] that are exponentially suppressed with the cube volume. See also Ref. [56] for the expected effects from this correction for the ρ meson. For details of the finite-volume implementations of the current formulation, see the Appendix of Ref. [20] . In Ref. [57] the method is generalized to the cases of moving frames and partial-wave-mixing in coupled channels.
While in Ref. [20] the eigenenergies were fitted, here we directly fit the extracted phase shifts. For this, the correlation between energy W and phase shift δ(W ) has to be taken into account, and also the correlations between eigenenergies themselves if available.
In general, the energy measurements on the lattice are correlated. The χ 2 function is written as
with W 0 being the vector of eigenenergies measured on the lattice, C the covariance matrix of these energies, and W 1 the corresponding energies of the fit function.
To account for the inclined error bars in the (W, δ(W )) plane, i. e., correlations from the Lüscher formula
, one can reconstruct the energies, W 1i , from the fit function,
, by means of a Taylor expansion of the functions f and g near the measured energies W 0i . Up to linear order in W 1i one finds immediately
For the particular case of no correlations between the eigenenergies, i.e., C = diag(σ (12) is simplified as
The discussed fitting procedure has the advantage that one does not need to explicitly fit the eigenenergies, and thus, to construct the scattering amplitude in the finite volume for different boosts or asymmetries [20] .
As in Ref. [24] , fits are restricted to the data which are in the maximal range around the resonance position, in which the fit passes Pearson's χ 2 test at a 90% upper confidence limit. We take into account the correlation between energies but omit here the correlations between energies, pion mass, and anisotropy ξ. Uncertainties from the scale settings are considered as systematic and treated separately as discussed below.
III. RESULTS
The lattice data for p-wave ππ phase shifts in I = 1 of Refs. [26-28, 30, 33, 34] are fitted by the UChPT model described in the previous section, using Eqs. (3), (4) and (5). We skip the analysis of the data from Ref. [35] because they have large uncertainties. Note that in Eq. (5) there are four parameters for the minimization problem. When performing the fits, because of strong non-trivial correlations between the parameters, many different χ 2 minima are found. Thus, to restrict the model and to study the parametrization and chiral behaviour, four different strategies (a), (b), (c), and (d) are pursued. In (a) the two LECs L 3 and L 5 are fixed which makes the model identical to the approach of Refs. [20, 24] . In strategy (b), L 3 and L 5 are left free. Here, we do a consistency check for the fixed values of L 3 and L 5 used in strategy (a) (and also in Refs. [20, 24] ). In (c), all available data below M π = 320 MeV are fitted simultaneously while fixing only one low-energy constant, L 5 , to its value obtained in the fit to experimental data. Finally, in strategy (d), a combined fit of data for the two pion masses of the Hadron Spectrum Collaboration is performed. Then, the pion mass dependence of the ρ meson is studied. In what follows we explain the different minimization strategies and the results in each case.
The two LECs L 3 and L 5 are fixed to their values obtained by fitting phase shifts from experiment [20, 24] . This makes fit strategy (a) identical to the approach of Refs. [20, 24] . Phase shifts and extrapolation to the physical point, in comparison to the lattice and experimental data, are shown in Fig. 1 . Continuous lines represent the result from the two-channel SU(3) fits, and dashed lines those from the one-channel SU(2) fits. As expected, the fits to data and even the extrapolations, are very similar for the SU(2) vs. SU(3) fits, which demonstrates that the explicit dynamics of the KK channel can be well absorbed in the LECs of the SU(2) fit. A more detailed discussion on the SU(2) UChPT fits can be found in Appendix A.
The SU(3) UChPT model describes the lattice data well, see the χ Table I . The extrapolated phase shifts for the Wilson15 [26] and Bulava16 [28] data are on top of the experimental data as Fig. 1 shows. For the case of the Dudek13 [27] data, with M π = 391 MeV, the extrapolated phase shift is at slightly lower energies than the experiment. For the Aoki11 data [30] , the extrapolation shows large uncertainties so that both sets of data are fitted together, and the phase shift at the physical pion mass is also slightly offset. The extrapolated ρ from the analysis of the Alexandrou17 data is lighter than the one from experiment.
The UChPT model predicts pole positions in the complex-energy plane of the scattering amplitude. In order to provide values of (m ρ , g), as usually quoted in lattice data analyses, we fit Breit-Wigner distributions to the UChPT solutions. See Refs. [20, 24] for more details. In Fig. 2 (left) , results for (m ρ , g) for different lattice data sets are presented. Empty and filled symbols stand for SU (2) and SU(3) analyses, respectively. The experimental point is indicated as "phys.". For the Bulava16, Wilson15 and Dudek13 data, the values of m ρ and g in the SU(3) fits are close to the physical value, with differences of less than 5% in g, and around [1 − 3] % in m ρ . Discrepancies are larger for the Alexandrou17 and Aoki11 data sets.
Regarding the values of the LECs in Table I ,l 2 is similar in all the analyses whilel 1 shows larger uncertainties. We will come back to these problems when we discuss the pion mass dependence of the ρ meson at the end of this section (strategy (d)). Error ellipses for the (l 1 ,l 2 ) parameters, in the SU(3) analyses are shown in Fig. 3 . The ellipses, indicating the 68% confidence regions, are close to each other except for the analyses of the Aoki11, and Alexandrou17 data. We note that the error ellipses do not have an as clearly common overlap region as in the analysis of N f = 2 data of Ref. [24] . There, with the exception of the data from the ETMC collaboration [22] , all considered N f = 2 data [17, 18, 20, 21, 23] led to such a region in thel 1 ,l 2 plane (result from [23] very slightly off) demonstrating the consistency of data and fits within the considered SU(2) one-channel model. We show in Fig. 3 the ellipse of one of the N f = 2 fits of Ref. [24] , indicated as Lang11 [17] because that result can be regarded as representative for the other N f = 2 fits. There is nearly an overlap of 68% confidence regions between that analysis and the present N f = 2+1 analyses of the Wilson15, Dudek13, and Bulava16 data. However, thel i obtained in the present analysis of N f = 2 + 1 data are incompatible with the values determined from experiment (star in Fig. 3 ). This discrepancy with the experiment could be solved by fitting simultaneously lattice data in other reactions, e.g., πK and KK scattering, which also depend on these LECs.
There are different ways to set the scale, for example through the Ω baryon mass as pointed out in Ref. [36] . Depending on whether it is assumed that m Ω is dependent or not on the pion mass, two different values of the lattice spacing, listed in Table II , are obtained. To study this source of uncertainty, we perform a fit of the Wilson15 data for these two different lattice spacings. The results for (g, m ρ ) are given in Table II . The differences are less than 2%. The results presented in this section for the Wilson15 data correspond to the first value of the lattice spacing in Table II . In the subsequent minimizations (b) and (c) we do not further study this source of systematic error. In principle, other data might have larger uncertainties from the scale setting but, in view of the smallness of the effect, we have not further investigated this.
Regarding the N f = 2 + 1 lattice data of Ref. [33] (Fu16), since some of the parameters such as the kaon mass are not quoted, we limit the analysis to the onechannel SU(2) UChPT model with strategy (a). We found some discrepancies with other sets of lattice data for similar pion masses, and also unusually large differences with the experimental data when the extrapolations are done. This is discussed in Appendix B. .o.f with respect to the lattice data is given for every strategy. In the last two rows, the results from Ref. [20] and from the fit to the experimental data [53] are shown for comparison. SU(2) fit SU(3) fit a (fm) g mρ (MeV) g mρ (MeV) 0.03290 6.11 ± 0.13 759 ± 10 6.11 ± 0.10 760 ± 11 0.03216 5.99 ± 0.12 756 ± 9 6.12 ± 0.07 762 ± 6 TABLE II. (g, mρ) at the physical point obtained from the fit of the Wilson15 data in the minimization strategy (a) for the different lattice spacings used in Ref. [36] . The quoted uncertainties are statistical.
B. Fit (b) -free L3, L5
All four parameters are left free. In strategy (a) we noted that SU(2) and SU(3) fits expectedly produce similar results. This indicates large correlations of the L 3 and L 5 LECs in the ππ → KK transition with thel i in the ππ → ππ transition. Indeed, leaving all four variables as free fit parameters produces many different local minima of the χ 2 function. We reduce the number of minima by preventing unphysical solutions with very narrow poles, unnaturally large values of LECs, or bound states generated below threshold (the unconstrained inverse amplitude method allows for such solutions, in principle). We only retain solutions in which the χ 2 as a function of parameters behaves quadratically in the vicinity of the minimum to exclude such problematic solutions. Yet, even then several local minima remain. Some of them exhibit values for L 3 and L 5 close to the ones held fixed in strategy (a). The corresponding chiral extrapolations all resemble those of strategy (a) so we do not further consider them. Instead, we choose a minimum in which the predicted χ 2 evaluated with the experimental phase shifts is small, i.e., a minimum with excellent chiral extrapolation. The reason to do so is to check the resulting values of L 3 and L 5 with the ones of strategy (a) for consistency.
In Fig. 4 we show the results. Resampling is used to calculate the error bands. The LECs and phase shifts exhibit very non-Gaussian distributions in their samples. Thus, instead of taking the variance of the samples, we plot the error band determined by the (non-symmetric) 68% confidence interval. The χ 2 d.o.f obtained is close to one for most of the lattice data sets, see Table I .
In Fig. 2 (right) , we show the pairs (g, m ρ ) obtained from the selected fits of this strategy. As expected, through the discussed selection of minima there is an excellent agreement between all extrapolations. The question remains how consistent the LECs of the selected fits are with those determined in strategy (a). As Table I shows,l 1 andl 2 agree within uncertainties for strategies (a) and (b) for the respective data, except for the Dudek13 and Alexandrou17 data.
In Fig. 5 , the error ellipses for the L 3 , L 5 parameters obtained from minimization (b) are shown. All the ellipses are close to the values of L 3 and L 5 obtained from the experimental fit (except for the Dudek13 and Alexandrou17 cases shown in the inset), although the size of the ellipses indicates rather large uncertainties, particularly in L 5 . In conclusion, the consistency test represented by fit strategy (b) is qualitatively passed in the case of the Wilson15, Bulava16, and Aoki11 data, but clearly not in case of the Dudek13 and Alexandrou17 data. In the latter cases, a good chiral extrapolation can only be ★ ★ achieved at the cost of very different values of the LECs.
In Fig. 6 , the KK phase shifts and inelasticities for strategy (b) are depicted. Results show consistently small, negative KK-phase shifts very similar to the ones obtained in the analysis of N f = 2 lattice data [20, 24] . The tiny inelasticity is in agreement with the experimental data points (that also contain the larger inelasticities from the 4π channel) and with the solution of the RoySteiner equation [59, 60] (black dashed lines) that indicates the inelasticity from the KK channel alone. We show here only results for strategy (b); very similar inelasticities and KK phase shifts are obtained for strategies (a) and (c).
C. Fit (c) -Combined data Mπ < 320 MeV
Data from all lattice simulations with M π smaller or equal to 320 MeV are fitted simultaneously, while L 5 is kept fixed to the value from the fit to the experimental data. In this case the number of minima found in strategy (b) is significantly reduced and we are able to pin down the values of the other low-energy constants with much higher precision. The obtained low-energy constants are shown in Table I . Phase shifts are depicted in Fig. 7 (left) . The UChPT model describes the lattice data consistently, except for the Aoki11 data (M π = 300 MeV). These data data appear in tension to the others within the present model. The chiral extrapolation to the physical point postdicts the experimental phase shifts rather well (lower left figure) . The corresponding values of (m ρ , g) are shown in Fig. 2 (right) as red hexagon. The value of m ρ is compatible with the physical one.
To show the correlations between the parameters, density histograms obtained from resampling are displayed in Fig. 7 (right) for different pairs of low-energy constants. The ellipse show the results from the analysis of Ref. [24] of the N f = 2 data from Lang et al. [17] . The star stands for the result from the experimental fit. The uncertainty region (light areas) obtained from fit (c) does not overlap with the result from the N f = 2 analysis, which is also closer to the experimental value. These discrepancies are discussed in more detail below and in the following sections.
D. Fit (d) -combined data Hadron Spectrum
The Hadron Spectrum Collaboration provides phase shifts for the ρ meson at two different pion masses of 236 and 391 MeV [26, 27] . We fit these data simultanously with L 3 and L 5 fixed as in minimization (a). As a caveat it should be mentioned that this common fit is directly sensitive to the scale settings of the two ensembles and any inconsistency in the latter will lead to a different chiral behavior.
Phase shifts and their extrapolation to the physical point are shown in Fig. 8 . The quality of the fit is indeed very good, with a χ Table I . They are remarkably close to the values obtained in N f = 2 fits [20, 24] . Notice thatl 1 which is related to the ρ mass [20] has been reduced a factor 2-3 from the result obtained for these sets in minimization strategies (b) (chiral extrapolation compatible with experiment) and (c) (where Alexandrou17 and Aoki11 data sets are included), being now closer to the result from N f = 2 analysis and experiment. With the values of the LECs obtained in this strategy, the pion mass dependence of the ρ is plotted in Fig. 9 , in comparison with that from the analysis of Ref. [20] , and 
500 600 700 800 900 1000 1100 with the lattice data. The N f = 2 + 1 Alexandrou17 ρ mass (orange filled square at M π = 317 MeV) is below the prediction of fit (d) and, in fact, very close to the N f = 2 GWU result at similar mass. Note that an almost flat chiral trajectory and close to the experimental ρ mass would be obtained with the LECs from fit strategy (c), very different from the one shown here and in disagreement with the result from the N f = 2 analysis [20] (green line) and in previous UChPT fits [46] ). However, strategy (c) led to a extrapolation to the physical point compatible with experiment for the data sets consider there (except for Aoki11 which could not be well described). The N f = 2+1 ρ masses of the Fu16 data [33] are larger than the predictions of fit (d) which could be related to a rather different value of the kaon mass or other problems (see discussion in Appendix B).
To simulate the absence of the strange quark one can remove the KK channel from the result of fit (d). The red dashed band is obtained predicting consistently lighter ρ masses that are indeed compatible with most of the N f = 2 data shown in the figure (Lang11 [17] , CP-PACS07 [21] , GWU16 [20] , RQCD16 [18] ).
In Ref. [20] , the KK channel was included after fitting the N f = 2 GWU16 data to simulate the missing strange quark of the lattice results. The outcome, including systematic model uncertainties, is shown with the blue solid 1.05
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FIG. 6. KK-phase shifts (first row) and inelasticities (second row) obtained in the minimization strategy (b), for the different lattice data sets extrapolated at Mπ = 236 MeV, in comparison with the result from Ref. [26] (bands). In the bottom row, the extrapolated inelasticity to the physical point, in comparison with the experimental data (squares) [58] , and with the Roy-Steiner solution of Refs. [59, 60] (black-dashed lines) is shown. Fit strategies (a) and (c) produce very similar inelasticities and KK phase shifts and are not separately shown.
band in Fig. 9 . A substantial shift of the ρ mass was observed, this time to larger values. The outcome is in agreement with the physical ρ mass and, marginally, with fit (d).
IV. SUMMARY AND DISCUSSION OF RESULTS
Data sets from different N f = 2 + 1 simulations were fitted using several strategies which involved individual or combined fits for various pion masses, and with 0 to 2 parameters fixed to the values of a fit to experimental data. When fits to individual data sets are performed and the four parameters of the model are free (strategy (b)), many local minima are found because of large non-trivial correlations between the parameters, and it is always possible to select a chiral extrapolation which is compatible with experimental data. As a result of this consistency check, the (L 3 , L 5 ) 68 % confidence regions for the different lattice data lie indeed close to the result from the experimental fit, excluding the Dudek13 and Alexandrou17 data sets. The Wilson15 data provides the tightest constrains at a moderately high pion mass (M π ≈ 236 MeV) and the corresponding confidence region lies closest to the experimental values which is reassuring.
Thus, strategy (b) has been useful to show that, even though the unitary chiral model has enough freedom to allow for a good extrapolation compatible with the physical point, in some cases, extreme values of the LECs are obtained. This tells us that more restrictions in the parameters are needed (i. e. combined fits for different pion masses, data from other reactions, ...).
When one parameter is fixed (L 5 ) and all data below m π = 320 MeV for different groups are fitted in combination (strategy (c)), a good extrapolation to the physical point is achieved, however, we notice that: 1) The LECs show large correlations. 2) The LECs obtained are incompatible with the outcome of UChPT analysis from N f = 2 fits [20, 24] and with fits to experimental data, and 3) The quality of fit, as indicated by its 2.1 chi-square per degree of freedom, shows that there is some internal tension between the different lattice data sets, most of the contribution coming from the Aoki11 data set, which is not satisfactorily described.
In fit strategy (a), two of the LECs were fixed to the values of a fit to experimental data. In this case, the LECs obtained are close or just compatible for most data sets, and also with the result from N f = 2 fits [20, 24] . However, two of the data sets, Dudek13 and Alexandrou17, lead to extrapolations of the ρ mass which are lower than the physical one (∼ 745 and 720 MeV respectively). In addition, we have also shown that the KK channel can be effectively included in the ππ → ππ interaction.
Finally, in strategy (d), a combined fit of the Hadron Spectrum Collaboration data for two pion masses, 236 [26, 28, 30, 34] are highlighted in red. The extrapolation to the physical point in comparison to the experimental data (blue) [58] is shown in the bottom figure. Right: Density histogram from resampling obtained in minimization (c). Ellipses in white show the result obtained in Ref. [24] for the fit of the N f = 2 data of Ref. [17] (Lang11) using the SU(2) UChPT model. There, L3 and L5 were held fixed to their experimental values such that the corresponding ellipses degenerate to lines in the figure. The stars indicate the LECs obtained from experimental phase shifts. The diagonal elements show histograms for the distributions ofl1,l2 and L3. [26, 27] are shown in red to the left. The extrapolation to the physical point (red and dashed-blue curves) in comparison to the experimental data (blue) [58] are shown in the right side. In the plot, the solid (dashed) line show the result using the two-channel SU (3) and 391 MeV, is done. The LECs obtained are compatible with the ones of the N f = 2 fits, and the extrapolation to the physical point of the ρ mass is ∼ 750 MeV. Here, we checked the effect of the KK channel by removing it a posteriori. The predicted m ρ (m π ) dependence is in agreement with most of the N f = 2 data.
The model used for the present analysis is the same as in Refs. [20, 24] for the analyses of N f = 2 data, except that here the full two-channel ππ/KK model is directly fitted to the N f = 2 + 1 lattice data. In Refs. [20, 24] the KK channel was included a posteriori to compensate for the missing strange quark in these lattice simulations. For both N f = 2 and the N f = 2 + 1 lattice data (excluding Alexandrou17 and Fu16), the chiral extrapolations are close to the experimental ππ phase shift; they are consistent with the experimental inelasticities from the KK channel and also with the inelasticities and KK phase shifts of the lattice simulation of Ref. [26] . In that sense, this study gives further support to the unitarized chiral model used here.
V. CONCLUSIONS
In this paper we have analyzed the available N f = 2+1 p-wave ππ phase shift data from the lattice using a simple model based on unitarized Chiral Perturbation Theory.
Our analysis shows that, in most of the N f = 2+1 simulations, the extrapolation to the physical point of the ρ mass is close to the experimental value. Still, the analysis reveals inconsistencies between some of the N f = 2 + 1 data. Particularly, the Alexandrou17 (where the extrapolated ρ mass is significantly lower) and Fu16 (unknown value of the kaon mass) data sets, produce inconsistent results with other sets within our model. For the Fu16 results we do not have sufficient information to trace the source of the discrepancy, however, this inconsistency is also present when comparing the bulk of lattice data.
We also found that the LECs from a combined fit of the Hadron Spectrum Collaboration data for two different pion masses are in agreement with the ones of N f = 2 UChPT analyses, and that, when the KK channel is removed, the value of the mass of the ρ shifted downwards, in good agreement with most of the N f = 2 simulations and with the results found in Refs. [20, 24] .
The present analysis shows that UChPT can be used to parametrize the light-quark (or pion mass) dependence of the phase-shifts in the rho-channel well. Most of the extrapolations of the N f = 2 + 1 lattice data to the physical point agrees with experimental data. This further shows that the disagreement between the extrapolation of the N f = 2 lattice results and the experiment is not an artifact of the extrapolation. As a further research direction, a combined fit to lattice data in other partial waves and, e.g., other channels, πK, KK,... could put tighter constraints on the LECs and show whether our UChPT model accurately captures the low-energy dynamics in meson-meson scattering across all channels. In this section the analysis of the data from Ref. [33] is presented. The minimization is done only with the SU(2) UChPT model, using Eqs. (9) and (10). We do not make any attempt to perform SU(3) fits because for several ensembles essential parameters such as the kaon mass were not known to us. Yet, for the other lattice data we have observed that the KK channel can be very effectively absorbed; results from a one-channel ππ fit should be reliable in this respect. Fitted and extrapolated phase shifts are shown in Fig. 10 . The SU(2) UChPT extrapolation fails to predict the experimental ρ-phase shift data for these lattice data. The reason lies in that the LECs obtained from the fit are out of the range of those in Table I Although the above values are compatible between each other within errors, they are still quite different from the LECs obtained for other lattice data sets analyzed in this study. Moreover, the phase shift data from Ref. [33] with M π = 248 MeV is not compatible with the Wilson15 data; although the pion mass in the latter is only 10 MeV lower, the phase shifts from Ref. [33] are systematically larger (∼ 20 o around the resonance region). The data from Ref. [33] also show discrepancies with the Aoki11 data for M π = 300 MeV which might originate from different scale settings or a different kaon mass.
